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Abstract
Laser-driven grating type DLA (Dielectric Laser Accelerator) structures have been shown to produce accelerating gradi-
ents on the order of GeV/m. In simple β-matched grating structures due to the nature of the laser induced steady-state
in-channel fields the per period forces on the particles are mostly in longitudinal direction. Even though strong transverse
magnetic and electric fields are present, the net focusing effect over one period at maximum energy gain is negligible
in the case of relativistic electrons. Stable acceleration of realistic electron beams in a DLA channel however requires
the presence of significant net transverse forces. In this work we simulate and study the effect of using the transient
temporal shape of short Gaussian drive laser pulses in order to achieve suitable field configurations for potentially stable
acceleration of relativistic electrons in the horizontal plane. In order to achieve this, both the laser pulse and the grating
geometry are optimized. Simulations conducted with the Particle-In-Cell code VSim 7.2 are shown for both the transient
and steady state/long pulse case. Finally we investigate how the drive laser phase dependence of the focusing forces
could affect a potential DLA-based focusing lattice.
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1. Introduction
The concept of dielectric laser accelerators (DLA)
has gained increasing attention in accelerator research,
because of the high achievable acceleration gradients
(∼GeV/m) [1]. This is due to the high damage threshold
of dielectrics at optical frequencies. One of the structure
types being studied is the symetrically driven dual grating.
A schematic of this type of structure is shown in Fig. 1. If
the structure periodicity λS and the drive laser wavelength
λL are adjusted according to the normalized velocity βp of
the injected electrons, phase-synchronous acceleration can
be achieved. In this case the structure is then called β-
matched. In simple β-matched grating structures due to
the nature of the laser induced in-channel fields the steady-
state per period longitudinal force on the particle is pi/2
out of phase with the transverse force (see Sec. 2). There-
fore at maximum energy gain phase no transverse forces
are exerted on the particle. Stable acceleration and trans-
port of realistic electron beams in a DLA channel however
requires the presence of significant net transverse forces. In
this work we simulate and study how a) the magnitude of
the transverse force can be enhanced and b) how the phase
relation between the longitudinal and transverse force can
be altered by tailoring the structure geometry and hence
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Figure 1: Schematic of a dual grating DLA illuminated from both
sides with a linearly polarized laser field with wavelength λL. λS
is the period length, which is connected to the laser wavelength by
the synchronicity condition λS = βmλL, where βm is the matched
normalized particle velocity. The electrons travel along x with nor-
malized velocity βp.
leaving the ideal grating picture as shown in Fig. 1. In the
final section (Sec. 5) we investigate how the drive laser
phase dependence of the resulting focusing forces could
affect a potential future DLA-based focusing lattice.
2. Analytical Description of the Fields
For the following calculation an in x-direction linearly
polarized plane wave, which is traveling along the y-
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direction with a wavelength of λ0 is assumed (cf. Fig. 1).
It is incident on a single grating perpendicular to the grat-
ing structure, which implies a structure being periodic
in x-direction. The problem is assumed to be pseudo-2-
dimensional in the sense that in z-direction the structure
is infinite.
Using Maxwell’s Equations we see that our plane wave
has a non-vanishing magnetic field only in z-direction. The
magnetic field after passage of the grating can be described
as a composition of an infinite number of spatial harmon-
ics, or diffraction modes (cf. Floquet Theorem → Fourier
series) [2]:
Bz(x, y, t) =
∞∑
n=−∞
B
(n)
z,0 · ei(nkxx+kyy−ωt+φ0),
where kx = 2pi/λx is the wave vector component w.r.t the
grating period and B(n)z,0 is the n-th order complex Fourier
weight. The term φ0 is an arbitrary phase offset. Here
it describes the particle to laser phase relation. Inserting
Bz into the wave equation for vacuum it can be seen that
k2y = k
2
0 − n2k2x. Hence
Bz(x, y, t) =
∞∑
n=1
B
(n)
z,0 · ei
(
y
√
k20−n2k2x+nkxx−ωt+φ0
)
.
Using∇× ~B = −i· k0c ~E the x and y components of the elec-
tric field can be calculated from Bz. In order to efficiently
accelerate a moving particle it has to be phase synchronous
with the parallel component of the electromagnetic field.
From this it follows that
ω
nkx
= βmc⇔ kx = k0
nβm
⇔ βm = λx
nλ0
, (1)
where k0 is the laser wave number and βmc is the matched
particle velocity. Eq. (1) is the synchronicity condition for
grating accelerators for the n-th harmonic. In the following
calculations we use n = 1 as the synchronous order and
hence kx = k0/βm. Inserting kx into the expressions for
the field components and taking only the real part yields
<(B)(x, y, t) =
∞∑
n=−∞
|B(n)z,0 | · e−δ
(n)
m y
·
 00
cos
(
n k0βmx− ωt+ φ˜
(n)
0
)
 ,
<(E)(x, y, t) =
∞∑
n=−∞
|E(n)x,0 | · e−δ
(n)
m y
·

sin
(
n k0βmx− ωt+ φ˜
(n)
0
)√
n2
n2−β2m · cos
(
n k0βmx− ωt+ φ˜
(n)
0
)
0
 ,
(2)
where δ(n)m = k0
√
n2
β2m
− 1, φ˜(n)0 = φ0 + φ(n) and |E(n)x,0 | =
c
√
n2
β2m
− 1 · |B(n)z,0 |. |B(n)z,0 | and φ(n) are the amplitudes and
phases of the complex weights of the spatial harmonics
respectively. It can be seen that the field falls off exponen-
tially in y. The particles are accelerated in evanescent field
components, which is required by the Lawson-Woodward
Theorem. From Eq. (2) it can already be seen that in the
case of an ideal grating DLA the longitudinal and trans-
verse fields are out of phase by pi/2. In order to describe
a dual grating DLA two grating fields need to be super-
imposed, while taking both the channel width Lgap and
the opposite travel direction of the second drive laser into
account.
3. Per-Period Force on the Particle
In the previous section the steady state in-channel fields
of a single and dual grating DLA were described. Using
this field description it is now possible to estimate the per-
period effect on a particle traversing the channel along the
grating grooves with longitudinal velocity βpc. For now we
consider a zero-emittance single particle. It is also assumed
for simplicity that βp = constant during the traversal of a
single grating period.
First it is necessary to map the time-dependence of the
field to the particle position along the channel. Since x =
βpct and ω = ck0, we can substitute ωt ⇒ k0x/βp. It
is now helpful to introduce the particle to grating spatial
phase Ψ(n)m (x), which is defined as
Ψ(n)m (x) = k0
(
n
βm
− 1
βp
)
x. (3)
In the β-matched case it reduces to
Ψ(n)(x) =
k0
βm
(n− 1)x.
Note that Eq. (3) is zero for n = 1 in the β-matched case,
which eliminates the spatial dependence of the force on
the electron during traversal of the period, which is just a
re-statement of the phase-synchronicity of the first order.
In order to simplify the equations it is furthermore helpful
to define ∆(n)m,±(y), the transverse decay factor, which is
defined for the dual grating case as
∆
(n)
m,±(y) = e
−δ(n)m y ± e−δ(n)m (Lgap−y) (4)
and for the single grating case as
∆(n)m (y) = e
−δ(n)m y.
The force on a moving particle caused by the presence
of an electromagnetic field is given by the Lorentz Force
FL = q(E+v×B), where q is the particle charge and v its
2
velocity. Therefore the non-zero force components are in
our case given by Fx = qEx and Fy = q(Ey−vxBz), where
vx = βpc. Inserting the expressions for Ex and Ey, as well
as the newly introduced definitions Ψ(n)m (x), ∆
(n)
m,±(y) and
φ˜
(n)
0 yields for n 6= 0
F (n)x (x, y) = qc
√
n2
β2m
− 1 ·B(n)z0 · sin(Ψ(n)m x+ φ˜(n)0 )
·∆(n)m,+(y),
F (n)y (x, y) = qc
[
n
βm
− βp
]
·B(n)z0 · cos(Ψ(n)m x+ φ˜(n)0 )
·∆(n)m,−(y).
(5)
The average per-period (or net-) force can now be calcu-
lated as
〈Fx,y〉(n)(y) = 1
λx
∫ λx
0
F (n)x,y (x, y)dx
where it is assumed that the transverse motion during one
period is negligible and hence ds → dx. It can be shown
that in the β-matched case 〈Fx,y〉(n)(y) = 0, ∀n 6= 1. This
is not generally true anymore if βm 6= βp.
3.1. Significant Per-Period Transverse Force
As described above, in the case of an ideal dual grating
DLA Eq. (5) can be used to estimate the per-period force
on a particle traveling along the DLA channel. Taking a
closer look on F (n)y (x, y) it is possible to identify differ-
ent ways to enhance the transverse force. Considering the
term [
n
βm
− βp
]
two options come to mind:
• Significant mismatch between βm and βp
• Virtual mismatch between βm and βp by injecting the
electrons with an angle in the x− z plane [3]
At the same time if the grating is mismatched - as has been
already stated above - higher orders do not cancel out any-
more. It has to be noted however that the enhancement of
the per-period transverse force via mismatch is not trivial
since the spatial phase also changes with the level of mis-
match (see Eq. 3). In addition to that, due to the increas-
ingly fast decay of the higher orders (see Eq. 4) the accel-
erating field is much less homogeneous across the channel,
which results in increased correlated energy spread.
Then there is a third option, which is based on letting
the B(n)z,0 depend on t, or subsequently x. This means
B
(n)
z,0 → B(n)z,0 (x), or in other words: The driving field enve-
lope is not constant, which needs to be taken into account
in the integration of the average per-period force and can
lead to an enhancement as shown below.
3.2. Using Time-dependent Fourier Weights
The following calculations are based on four assump-
tions:
• The slope of the B(n)z,0 (x) is linear over one period
• There is only negligible transverse motion of the elec-
tron over one period
• The electron to laser phase is constant over one period
• The structure is and stays β-matched
It is reasonable to assume that the slope of the field dur-
ing one single grating period is almost linear and hence
B
(n)
z,0 (x) = B
(n)
z,0,0 + dxB
(n)
z,0 · x, where dx → d/dx. With
this we get for n 6= 0
〈Fy〉(n)(y) ∝∫ λx
0
(B
(n)
z,0,0 + dxB
(n)
z,0 · x)
· cos(Ψ(n)x+ φ˜(n)0 )dx.
(6)
In case of the synchronous mode n = 1 this integral yields:
〈Fy〉(1)(y) ∝
(
B
(1)
z,0,0 +
dxB
(1)
z,0
2
· λx
)
· cos(φ˜(1)0 ). (7)
This means that the first order transverse force depends
on both the amplitude and its slope. If the slope is suf-
ficiently steep (since it is multiplied with the drive laser
wavelength), the transverse force can be enhanced by this
term. It is also interesting to note that if the slope term
dominates the sign of the slope will cause a pi phase flip.
In Fig. 2 the envelope of Eq. 7 is shown for different time
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Figure 2: Illustration of the resulting transverse per-period force
envelope according to Eq. 7 using the time dependence as described
by Eq. 8. The pulse length is reduced from a) to d). The amplitude
scale is kept constant and in a.u., while the phase scale is always
given by the interval [−5σ, 5σ].
dependent B(1)z,0(t). The time dependence was chosen to be
a Gaussian as defined by
g(x) =
1
σ
√
2pi
e−
1
2 (
x−µ
σ )
2
, (8)
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where µ is the center and σ is the rms width as usual. It
can be seen that for long pulses the slope does not play
a role yet and the resulting pulse shape is just the initial
Gaussian. If however the pulse gets short enough and the
slope term large enough, the pulse shape gets modified
substantially as two peaks emerge. Compared to the initial
pulse shape the peak amplitude is enhanced.
4. Simulations
In order to verify the force enhancement effect shown in
the previous section numerical FDTD (Finite-Difference-
Time-Domain) simulations were carried out using VSim
7.2 [4]. Simulations were performed for both the steady
state case and a short pulse case using Eq. 8 as the enve-
lope, where the rms drive laser pulse length was chosen to
be 50 fs and the peak amplitude 0.5GV/m. The two drive
lasers were assumed to be phase-locked and incident on a
β−matched dual grating. βm was chosen to be close to 1
(→ 50MeV). As the figure of merit the equivalent mag-
netic focusing gradient as described in [5] was used. It is
defined by
G =
∂⊥〈F⊥〉λ
qec
, (9)
where ∂⊥〈F⊥〉λ is the derivative of the per-period average
transverse force w.r.t. the transverse coordinate, qe the
electron charge and c the speed of light. The unit of G
is [T/m] as expected. The simulation was carried out ac-
cording to the scheme shown in Fig. 3. Fig. 4 shows the
results of the simulation and subsequent data processing.
The solid line shows G and the scatter plot the accelerating
part of the longitudinal force, where the size of the data
point symbolizes its magnitude. The decelerating part is
omitted for readability. In comparison to the steady state
both the two emerging peaks (as already seen for short
pulses in Fig. 2), as well as the enhancement of G by a
factor of ∼ 2.5 at the maximum can be seen. The focusing
gradient indeed seems to depend on the slope of the spatial
harmonic weights as predicted by the simple calculations
shown in the previous sections. It can also be seen that
the phase relation between acceleration and focusing Φ(t)
changes along the pulse.
Calculate(the(transient(
field(for(one(cell/period
Calculate(the(per3period(average(force(
on(a(single(beta3matched(particle
Calculate(the(equivalent(magnetic(
focusing(gradient
Repeat(this(for(all(phases(along(the(
Gaussian(drive(pulse
Figure 3: Simulation scheme for the numerical field simulations using
VSim 7.2.
4.1. Acceleration to Focusing Phase
In the previous section the possible enhancement of G
using short drive pulses was shown. Even though Φ(t) 6=
const. along the pulse it is never flat 0. If this was the
case, the beam would be focused and accelerated at the
same time on-crest.
 s dn
dc
do
di
Figure 5: The new structure design. Only one cell is shown.
In order to achieve this, we investigated a modified grat-
ing structure as shown in Fig. 5. Since this structure – due
to its shape – adds a certain amount of resonance to the
system the analytical description as shown above does not
apply completely anymore. Hence we also expect Φ(t) to
evolve differently along the pulse. Fig. 6 shows G in a
section of the pulse around its peak for three different val-
ues of the geometry shape (dn, dc). It can be seen that
Φ(t) can indeed be altered to a degree that Φ(t) ≈ 0 over
several periods of the pulse. Interestingly in this con-
a)
b)
c)
N
or
m
al
iz
ed
 E
qu
iv
al
en
t M
ag
ne
tic
 G
ra
di
en
t (
a.
u.
)
Figure 6: Normalized equivalent magnetic focusing gradient vs. time.
The scatter plot shows the accelerating part of the longitudinal force,
where the size of the data points symbolizes its magnitude. From a)
to c) both dn and dc are decreased slighty.
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Figure 4: Equivalent magnetic focusing gradient G vs. time, calculated from VSim 7.2 field data (solid line). The scatter plot shows the
accelerating part of the longitudinal force, visualizing the change of the phase between acceleration and focusing along the pulse. The size of
the data points symbolizes the magnitude of the force. Left: 50 fs rms Gaussian drive pulse. Right: Steady state case.
figuration do = 2λL, di = λL. It has to be noted that the
peak amplitude of G is also altered.
Fig. 7 shows the maximum achieved G, normalized to
the steady state result, for different rms drive laser pulse
lengths, as well as a fit to Eq. 9, using Eq. 7 for F⊥ and
a free scaling factor for σ in Eq. 8. It can be seen that
with decreasing pulse length the maximum G is enhanced
as discussed in the last section. It can also be seen that
the onset of the enhancement effect is influenced by the
structure geometry as well.
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Figure 7: Normalized maximum achieved G for different rms drive
laser pulse lengths simulated with VSim 7.2, as well as a fit to Eq. 9.
Two exemplary geometries defined by dn are shown.
5. DLA Transport Line
If in the future a fully integrated DLA-based accelera-
tor should be able to reach high energies, a need for beam
transportation along the miniaturized beamline is implied.
In conventional accelerators transport lattices often com-
prise multiple so called FODO cells, which combine a fo-
cusing and a defocusing quadrupole separated by drift sec-
tions. This is due to the fact that quadrupoles can only
focus in one plane. In the respective other plane the beam
is defocused. By alternating the focusing plane the beam
can be kept stable.
Since a simple grating type DLA only acts on one trans-
verse plane, it will also be necessary to build a kind of
FODO lattice out of DLAs, where every second device
is rotated by 90 deg. A similar setup has already been
studied by Kuropka et al. [6]. Here we focus on the
fact that due to the short period length λp the equiva-
lent quadrupole focusing strength k strongly depends on
the longitudinal position of a particle within the channel
(or laser-to-electron phase φ0). It is worth noting that
over a phase range of pi/2 the equivalent k can vary many
orders of magnitude, even going down to 0. For a finite
length beam this phase dependence has a strong effect on
the betatron phase advance Ψx,y of the individual slices
along the beam.
5.1. Phase dependent Transport Matrix
The goal of this section is to write down a transfer ma-
trix for the particle phase space coordinate (x, x′) in anal-
ogy to a quadrupole transfer matrix, with the inclusion of
a phase dependent k. The well known quadrupole transfer
matrix is given by
MQF =
(
cos(Ω) 1√
k
sin(Ω)
−√k sin(Ω) cos(Ω)
)
,
MQD =
(
cosh(Ω) 1√|k| sinh(Ω)√|k| sinh(Ω) cosh(Ω)
)
,
(10)
where Ω =
√|k|s and s is the quadrupole length. If k > 0
the quadrupole is focusing (MQF), if k < 0 it is defocusing
(MQD). Otherwise it is just a drift section. The k value
is usually calculated via
k =
e
p
· dBz
dy
,
where e is the electron charge and p =
√
E2/c2 −m20c2 the
total momentum of the particle. In order to incorporate
5
the phase dependence inside the DLA, we re-define it in
accordance with [7] as
k(φ0) = 2.998 · G
βpE[GeV]
· cos(φ0), (11)
where G is the equivalent magnetic gradient as defined by
Eq. 9. It is now possible to construct the FODO lattice
by matrix multiplication of focusing, defocusing and drift
matrices respectively.
5.2. Simulation
We simulate the transport of an electron bunch through
a long DLA-based FODO lattice using the aforementioned
transfer matrices. Here only the horizontal plane is taken
into account. The parameters of the lattice are summa-
rized in Tab. 1 and satisfy the usual stability criterion
f > lcell/4 for FODO cells of length lcell and focal length
f = 1/ks. The result of the transport of a uniform electron
Table 1: Parameters of the DLA-based FODO Lattice.
Parameter Value
NFODO 1000
βm 0.9999 (→ 50MeV)
λS βm· 2 µm
NλS per F,D 10
NλS per O 100
G 2.0MT/m
beam with 1 fs length through 1000 FODO cells (∼ 40 cm)
is shown in Fig. 8. It can be seen that the phase-dependent
phase advance indeed has a subtantial effect on the phase
space. Note that some parts of the bunch have crossed the
channel boundary (dashed line). The effect of this is not
taken into account in this study.
Figure 8: The beam after 1000 FODO cells. The scatter plot shows
the macro particles and the solid line the betatron phase advance
along the beam.
6. Conclusion
We have shown in simulations that it is possible to en-
hance the equivalent magnetic focusing gradient in simple
dual grating type structures by leveraging strong gradients
in transient drive laser fields. Furthermore we have shown
that it is – in theory – possible to adjust both the phase
relation between acceleration and focusing and the onset
of the enhancement by tailoring the grating geometry. The
geometry shown in this paper is not described fully by the
simple spatial harmonic model anymore, which predicts a
pi/2 phase shift between acceleration and focusing.
In the last section we have shown that a potential
simple DLA transport line could suffer from the phase-
dependence of the focusing strength k even in the case of
short bunches. It has to be investigated if it is possible to
mitigate this by looking at more sophisticated transport
line configurations. On the other hand it will be interest-
ing to think about potential use cases of the strong phase
advance differences along the longitudinal beam slices.
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